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We continue our investigation on the conjecture of Y. Kitaoka that if a finite
subgroup G of GLn(OK) is invariant under the action of Gal(K/Q) then it is con-
tained in GLn(Kab). Here OK is the ring of integers in a finite Galois extension K of
Q and Kab is the maximal abelian subextension of K. We give a very precise
description of a hypothetical counterexample of minimal order for minimal pos-
sible n. Using it we prove the conjecture for n=3 and give a new, simplified proof
for n=2. © 2001 Elsevier Science (USA)
1. INTRODUCTION
This paper is a continuation of [8]. We investigate the following conjec-
ture, due to Kitaoka:
Conjecture 1. Any finite subgroup G of GLn(Zb) stable under the action
of C=Gal(Qb/Q) is pointwise fixed by the commutator of C.
Here Zb is the ring of all algebraic integers. For alternative formulations
of this conjecture and its implications for the theory of quadratic forms,
arithmetic groups, and finite, flat group schemes we refer the reader to
[3, 8, 9, 13]. In this paper we refine the methods of [8] and prove that the
conjecture is true for n [ 3 (a proof of this result was also announced by
Suzuki). The main result of [8] shows that if there is a counterexample to
Conjecture 1 for some n then there is also an elementary abelian counter-
example G, perhaps for some larger n. This passage to matrices of larger
size causes problems when one wants to verify the conjecture for small
values of n. Therefore in the present article we will give a careful analysis
of a hypothetical counterexample for the smallest possible n. This will
allow us to give a simplified proof of the conjecture for n=2, previously
obtained by Kitaoka [5], and to prove the conjecture for n=3. Our
approach is essentially the same as that in [8].
In a forthcoming paper [10] (most of which is also contained in my
thesis [9]) we show a remarkable fact, namely that the conjecture of
Kitaoka is equivalent to a full description of finite flat group schemes over
Z. The category of finite, flat, commutative groups schemes over Z was
investigated before in connection with abelian varieties with everywhere
good reduction, and the existing results are in favor of Conjecture 1. The
group schemes approach gives a new, more conceptual explanation of all
the results obtained up to this date. Moreover, using results of Fontaine
and Abrashkin and of the present paper we obtain further results toward
Kitaoka’s conjecture. In particular, we prove the conjecture for n=4
(which can be done also in a more elementary fashion by refining the
approach of the present article).
2. FUNDAMENTAL CONSTRUCTION
In this section we recall the technical core of our approach, explained
more carefully in [8].
Let S be a commutative domain and suppose that P is an abelian group
sitting in GLn(S) as a subgroup of diagonal matrices. In other words, there
are abelian characters q1 , ..., qn of P with values in the multiplicative group
of S such that g=diag(q1(g), ..., qn(g)) for all g ¥ P. After conjugating by
a permutation matrix (which has entries in the prime subring of S) we can
and will assume that there are integers k0=0< k1 < · < ks < ks+1=n such
that qi=qj iff kt < i, j [ kt+1 for some 0 [ t [ s. We say in this case that P
is in a strongly diagonal form. Set N(P) for the normalizer of P in GLn(S)
and C(P) for its centralizer. Recall the following lemma from [8].
Lemma 1. The centralizer C(P) of P in GLn(S) equals GLk1 −k0 (S)× · · · ×
GLks+1 −ks (S). The groupW(P)=N(P)/C(P) is finite.
Note that P is stable under the action of the automorphism group C of
S. Thus both N(P) and C(P) are C-stable. We denote by Pn the group of
permutation matrices in GLn(S). If N ¥N(P) and f is the automorphism
of P induced by conjugation with N then clearly the map qW q p f
permutes the characters q1 , ..., qn. It is fairly obvious that we can choose a
permutation p ¥ Sn such that qi p f=qp(i) and whenever i < j and
qp(i)=qp(j) then p(i) < p(j). Moreover such permutation is unique and if
we denote by TN the corresponding permutation matrix then NT
−1
N ¥ C(P)
and the association NW TN is a group homomorphism s: N(P)QPn 5
N(P). We denote by PP the image of s. Thus we get the following
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Lemma 2. The group N(P) is a semidirect product of C(P) and PP. In
particular, the induced action of C on W(P) is trivial.
Note that N(P) acts by conjugation on Mk1 −k0 (S)× · · · ×Mks+1 −ks (S)
which has a basis consisting of matrices with one entry equal to 1 and all
others being 0. With respect to this basis the action of N(P) defines a
representation r of N(P) in GLm21+· · ·+m2s+1 (S), where mi=ki−ki−1. It is
clear that this representation respects the action of C. The kernel of r is
equal to the product of centers of Mki −ki−1 (S). In particular, we get the
following
Lemma 3. Suppose that G is a finite, C-invariant subgroup of N(P).
Then r(G) is a finite, C-invariant subgroup of GLm21+· · ·+m2s+1 (S) and the map
r: GQ r(G) commutes with the action of C.
We will use the above observations when S is the ring of integers in a
finite Galois extension of Q and C is the Galois group.
3. SOME LEMMAS.
Let S be a ring. For an ideal I of S we denote by RI the natural map
GLn(S)Q GLn(S/I) and by GLn(S, I) its kernel. For any subgroup G of
GLn(S) we denote by G(I) the kernel of RI restricted to G.
Lemma 4. Let p be a prime. Suppose that L ıK are finite extensions of
Qp such that K/L is Galois and the residue field of K has p elements. Denote
by c the maximal ideal of OK. Let G ı GLn(OK) be finite group stable under
the action of the Galois group C of K/L. Then for each m \ 1 and for any
y ¥ C, y acts on G(cm)/G(cm+1) by raising each element to kth power, where
k is an integer such that k — (pm)y/pm(mod c) and p is a generator of c.
Proof. Let p be a generator of c. Fix m > 0 and let g, h ¥ G(cm). We can
write g=I+pma, h=I+pmb for some a, b ¥Mn(OK). Note that
gh — I+pm(a+b)mod pm+1). This shows that the map R which assigns to
each g ¥ G(cm) the reduction mod c of (g−I)/pm is a group homo-
morphism R: G(cm)QMn(OK/c). The kernel of this homomorphism
equals G(cm+1). Let y ¥ C. By our assumption OK/c has p elements. In
particular, there is an integer k such that k — (pm)y/pm (mod c). Thus
R(gy)=kR(g) for all g ¥ G(cm). Consequently, gyg−k ¥ G(cm+1). It follows
that y acts on G(cm)/G(cm+1) by raising each element to kth power. L
Let K be an algebraic number field or a local field. Let b be a prime
ideal of the ring of integers OK of K lying over a rational prime p. By f we
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denote the ramification index of b. The following lemma is a version of a
wellknown Minkowski lemma (for a proof see [8, Proposition 1]):
Lemma 5. Any torsion element of GLn(OK , b) has p-power order. If
GLn(OK , bk) contains an element of order p s then k [ fp1−s/(p−1).
The following lemma is an extension of Lemma 7 in [8]
Lemma 6. Let K be a Galois extension of Q. Suppose that A ¥ GLn(OK)
has the property that for any y ¥ Gal(K/Q) there is a diagonal matrix
Dy=diag(t1(y), ..., tn(y)) such that ti(y)’s are roots of unity and Ay=DyA.
Then A=DM where D is a diagonal matrix of finite order andM ¥ GLn(Z).
Proof. Let A=(ai, j). For every i there exists a k such that ai=ai, k ] 0.
We have ayi, j=ti(y) ai, j for all j. In particular, a
−1
i ai, j is stable under the
action of Gal(K/Q) for all j. Thus there are rational numbers qi, j such that
ai, j=aiqi, j. For a given i there is a rational number qi such that
mi, j=qiqi, j are integers with no common factor. Set di=q
−1
i ai and let D be
the diagonal matrix with d1 , ..., dn on the diagonal. Clearly A=DM, where
M=(mi, j). Since each row of M consists of integers with no common
factor and A has entries in OK , it follows that di is an algebraic integer for
all i. Moreover, detA=d1 · · · dn detM is a unit in OK which implies that
each di is a unit and M ¥ GLn(Z). Let N be a natural number such that
ti(y)N=1 for all automorphisms y and all i. Since d
y
i=ti(y) di , we get that
(dNi )
y=dNi for all y ¥ Gal(K/Q). Thus dNi ¥Q. Since the only units in Q
are 1 and −1, we conclude that di is a root of unity. L
The next lemma is probably well known to the experts. Since it is crucial
for our arguments, we include a simple proof.
Lemma 7. Let K be a number field which does not have any abelian
extensions unramified at all finite primes. Let b be a prime of OK and L a
Galois extension of K with nilpotent Galois group which is unramified at all
finite primes different from b. Then there is a unique prime in OL over b
which is totally ramified.
Proof. We use induction on the order of the Galois group C of L/K.
Let p be a prime of OL over b. If C is abelian and the inertia group I(p) is
a proper subgroup of C then LI(p) is a nontrivial, abelian, unramified at all
finite primes extension of K which contradicts our assumption about K.
Thus C=I(p) and consequently p is the only prime in OL over b.
In general, let F be the Frattini subgroup of C. In particular, F is a
normal subgroup and C/F is abelian. Thus LF is an abelian extension of K
so there is a unique prime c of LF over b. In other words, C/F=I(c).
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Note that under the natural projection CQ C/F the inertia group I(p) is
mapped onto I(c). Thus C=I(p) F. Directly from the definition of the
Frattini subgroup it follows that I(p)=C, which is exactly what we want
to show. L
The following result extends a result of Kitaoka and Suzuki [4, Lemma 1].
Theorem 1. Suppose that K is a finite Galois extension of Q which is
unramified at all finite primes except p and such that there is a unique prime
c in K over p. Let G ı GLn(OK) be a finite C-stable subgroup, where C is the
Galois group of K/Q. Then G(c) can be conjugated to diagonal matrices by a
matrix in GLn(Z).
Proof. Suppose that the theorem is false. By Theorem 2 below, any
counterexample is also a counterexample to Conjecture 1. Now Theorem 2
of [8] shows that there is a counterexample G which is an elementary
abelian p-group such that G=G(c) and G 5 GLn(Kab)=1, where Kab is the
maximal abelian subextension of K. Let r be an integer such that G(c r) ] 1
and G(c r+1)=1. Clearly, C is the Galois group of the local extension
Kp/Qp which is totally ramified (otherwise Q would have an extension
unramified at all finite primes). In particular, the residue field of Kp has p
elements. Thus the commutator of C acts trivially on G(c r) by Lemma 4;
i.e., G(c r) ı GLn(Kab) 5 G=1, a contradiction. L
A different proof of Theorem 1 and its extension to some local fields,
which is based on the ideas described in Section 2, are given in [11] and in
[9]. The above proof uses the main result of [8], which in turn uses
Theorem 2 below, proved by Kitaoka and Suzuki in [7]. Their method is
based on some results on quadratic latices obtained by Kitaoka and on
estimates for Hermite’s constants. A totally different proof of Theorem 2,
based on methods discussed in Section 2, is given in [11] and [9].
In order to formulate Theorem 2 we need to recall the notion of the
A-type, introduced by Kitaoka. Let K/Q be a finite, Galois extension with
Galois group C. The group GLn(OK) acts in the natural way on Zn é OK.
We say that a finite subgroup G ı GLn(OK) is of A-type if there exists a
decomposition Zn=Áki=1 Mi such that for every g ¥ G there are a permu-
tation p(g) of {1, ..., k} and roots of unity Ei(g) such that Ei(g) gMi=
Mp(g) for i=1, ..., k. The following theorem is proved in [5].
Theorem 2. Let K/Q be a finite Galois extension with nilpotent Galois
group C. Any finite subgroup G ı GLn(OK) stable under the action of C is of
A-type.
The definition of the A-type may seem rather technical, but the main
idea behind it is that groups of A-type after conjugation by an element in
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GLn(Z) consist of elements built up from diagonal matrices of finite order
and matrices with entries in Z. In particular, such groups have entries in an
abelian extension of Q and are stable under the action of the absolute
Galois group Gal(Qb/Q). Also, the property of being of A-type implies that
for each prime c of OK the group G(c) can be conjugated to diagonal
matrices by an element of GLn(Z). This explains how Theorem 2 entered
our proof of Theorem 1.
4. MINIMAL COUNTEREXAMPLE
Let us set our notation. K is a finite Galois extension of Q with Galois
group C, and G ı GLn(OK) is a finite subgroup stable under the action of
C. We denote by I(b) and D(b) the inertia and decomposition groups of a
prime ideal b of OK respectively. The congruence subgroup of b is denoted
by GLn(OK , b) and we set G(b)=G 5 GLn(OK , b). For a rational prime p
we denote by G(p) the subgroup of G generated by the subgroups G(b)
with b a prime of OK over p. It is clear that G(p) is a normal, C-stable
p-subgroup of G. If c is a prime of OK over a rational prime q ] p, then the
group G(c) is a q-group by Lemma 5. Thus G(p) 5 G(c)=1; i.e., G(p)
embeds into GLn(OK/c). This implies that the inertia group I(c) acts
trivially on G(p). Consequently, G(p) is contained in GLn(OL), where L/Q
is a Galois subextension of K/Q unramified at all finite primes not over p.
Lemma 8. For a given n let G be a counterexample of minimal order to
Conjecture 1. Then G=G(p) for some prime p and G ı GLn(OL), where
L/Q is a finite Galois extension of Q unramified at finite primes not over p.
Proof. If G=G(p) for some prime p then there is nothing to prove.
Otherwise we can assume that the commutator of C acts trivially on G(p)
for every prime p (by the minimality of our counterexample). Since in any
abelian extension of Q unramified at all finite primes except p there is a
unique prime over p by Lemma 7, G(p)=G(b) for every prime b over p.
Let H be the subgroup of G generated by all G(p), p a rational prime. The
commutator of C acts trivially on H. By Theorem 2, H can be conjugated
to diagonal matrices by an element of GLn(Z) and we can assume that H
consists of diagonal matrices. For any prime b of OK we have G(b) ıH so
the inertia I(b) acts trivially on G/H. Since the inertia subgroups of all the
primes of K generate C, we get that C acts trivially on G/H. Let g ¥ G. For
any y ¥ C we have gy=gh for some h ¥H. By Lemma 6 we have g=dz
with d a diagonal matrix of finite order and z ¥Mn(Z). Consequently, the
commutator of C acts trivially on g. This contradicts our assumption that
G is a counterexample. L
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Corollary 1. Suppose that K/Q is unramified outside p and there is
only one prime in OK over p. Then every finite Gal(K/Q)-stable subgroup of
GLn(OK) is of A-type.
Proof. A minimal counterexample G would satisfy G=G(b) for the
unique prime b of OK over p. But no such counterexample exists by
Theorem 1. L
Suppose that Conjecture 1 is false. Let n be the smallest integer for which
there is a counterexample in GLn(OK) and let G be a counterexample of
minimal order (for n). We can assume that no element of C acts trivially on
G. By Lemma 8, there is a prime p such that K is unramified outside p and
G is a p-group.
We have the following easy lemma
Lemma 9. The Galois group C is generated by the inertia subgroups I(b)
for primes b lying over p.
Proof. Any subfield of K fixed by all the inertia of primes above p is
unramified over Q and hence coincides with Q. L
We will now discuss properties of the minimal counterexample G. It
follows from Lemma 8 that G is a p-group generated by the subgroups
G(b) for primes b over p. Let W=G 5 GLn(OKab). Every proper, C-stable
subgroup of G is contained in W by minimality of G. In particular, we have
the inclusion [G, G] ıW and therefore W is a normal subgroup of G.
Since there is a unique prime of OKab over p, the subgroup H=G(b) 5W
is independent of the prime b above p. Thus it is a C-stable, normal
subgroup of G, and by Theorem 1 we can assume that it consists of diagonal
matrices. For a prime b over p let GŒ(b) be the image of G(b) in G/H. Since
[G(b), G(b1)] ı G(b) 5 G(b1) 5 [G, G] ıH, we get that [GŒ(b), GŒ(b1)]
=1. In other words, these groups pairwise commute and are commutative.
Let F be the Frattini subgroup of G. Since F is characteristic, it is C-stable
and consequently F ıW. Note that F 5 G(b) ıW 5 G(b)=H. Thus the
groups GŒ(b) have trivial intersection with the image of F in G/H. It
follows that they are elementary abelian p-groups. Consequently, these
subgroups generate an elementary abelian p-group. On the other hand,
they generate whole G/H, so G/H is an elementary abelian p-group
generated by GŒ(b), where b runs over primes above p. Let us record this
observation as a separate lemma:
Lemma 10. The group G/H is an elementary abelian p-group and it is
generated by the images of the groups G(b), where b runs over primes
above p.
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H is a p-subgroup of the diagonal matrices of GLn and there is no harm
in assuming that it is in a strongly diagonal form. We can associate to H its
normalizer N(H), its centralizer C(H), and the representation r, as dis-
cussed in Section 2. Clearly G ıN(H). Let C=C(H) 5 G be the cen-
tralizer of H in G. Clearly C is a normal C-stable subgroup of G. Note that
the kernel of r is contained in the group of diagonal matrices and the
subgroup of diagonal matrices in G is exactly H (such matrices are clearly
in the congruence subgroups and have entries in Kab). Thus r(G) and G/H
are isomorphic. By Lemma 3, the image r(G) is a finite, C-stable subgroup
of GLm(OK) for some m \ n. Moreover, the action of C on r(G) coincides
with its action on G/H induced from the action on G; i.e., G/H and r(G)
are isomorphic as C-modules.
Lemma 11. H is a central subgroup of GLn(K).
Proof. Suppose that H is not central in GLn(K). There are two cases to
consider.
Case 1: C ] G. By the minimality of our counterexample we know
that [C, C] acts trivially on C. Since Kab is an abelian unramified outside p
extension of Q, it follows that in Kab there is a unique prime over p and the
inertia group of this prime coincides with the whole Galois group of
Kab/Q. Since C(p) ıH, it follows that C acts trivially on C/H. Also, C
acts trivially on G/C by Lemma 2. It is easy to see that for each a ¥ G/H
the map fa: yW a−1ay is a group homomorphism from C to C/H. Let D be
the subgroup of C consisting of elements which act trivially on G/H. Then
the homomorphisms fa define an embedding of C/D into an elementary
abelian p-group (C/H)m, where m is the order of G/H. In particular, C/D
is an elementary abelian p-group. This shows that the group r(G) consists
of matrices with entries in OL , where L=KD is an abelian extension of Q
with an elementary abelian p-group as its Galois group (recall that D acts
trivially on G/H, which is isomorphic to r(G)). On the other hand, r(G) is
generated by its subgroups r(G)(b), b a prime of OL over p. Since L is
abelian, unramified outside p, we conclude that r(G)=r(G)(b). It follows
by Theorem 2 that L contains pth roots of 1. This is only possible if p=2
and then C/D acts trivially on r(G); i.e., C=D. Thus C acts trivially on
G/H. Since p=2 we get that the abelianization of C is a 2-group. The
commutator of C acts trivially on both H and G/H so it is a 2-group, as
well. In fact, for g ¥ G the map yW gyg−1 defines a group homomorphism
from [C, C] to H and all these homomorphisms separate elements of
[C, C]; i.e., they define an embedding of [C, C] into a product of copies
of H. Consequently, C is a 2-group, which is impossible by Theorem 2.
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Case 2: C=G but H is not Central in GLn. In this case we get a con-
tradiction quite easily: the centralizer of H is a product of GLm’s of smaller
degree which contradicts the minimality of n.
Both cases have led to contradictions. Thus H is indeed central in
GLn(K). L
Lemma 12. The action of the commutator of C on G/H is not trivial.
Proof. Suppose that [C, C] acts trivially on G/H. Then H ] 1. We will
use the representation r associated to H. Directly from the definition of r
we get that r(G(b)) ı r(G)(b) for any prime b of OK. In particular, r(G)
is generated by the subgroups r(G)(b) for primes b over p by Lemma 8.
Since the commutator of C acts trivially on G/H=r(G), we conclude that
r(G) is contained in GLn2(Kab). But there is a unique prime p in Kab over p,
so we have the equality r(G)=r(G)(p). Thus r(G) can be conjugated to
diagonal matrices by an element of GLn2(Z) by Theorem 1.
Now we will analyze the action of C on H and G/H.
First suppose that p=2. Recall that [C, C] acts trivially on both H and
G/H. It follows that the commutator [C, C] is an abelian p-group. In fact,
for any g ¥ G the map yW gyg−1 is a homomorphism from [C, C] to H,
and all these homomorphisms separate elements of [C, C]. Since p=2,
the abelianization C/[C, C] is a 2-group (Kab is an abelian, unramified-
outside-2 extension of Q) and therefore C itself is a 2-group. Since 2-groups
are nilpotent, we get a contradiction by Theorem 2.
Assume now that p is odd. Let m be the subgroup of K × consisting of
roots of unity of p-power order. C acts on m via the cyclotomic character i.
To be more precise, i(y) is the unique integer (mod |m|) such that ty=t i(y)
for all t ¥ m . Since H consists of diagonal matrices, C acts on H via i; i.e.,
hy=h i(y) for all h ¥H. The same is true for r(G), since it is conjugated to
diagonal matrices over Z. Thus, by=b i(y) for all b ¥ G/H=r(G) and y ¥ C.
As a consequence we get that for any g ¥ G the subgroup of G generated by
g and H is C-stable. Let g ¥ G be any element which is not fixed by [C, C].
The subgroup OH, gP of G generated by g and H is C-stable and the
commutator of C acts nontrivially on it. By the minimality of G we get that
G=OH, gP. In particular, G/H is a cyclic elementary abelian p-group; i.e.,
it is a cyclic group of order p. Recall that H is central in GLn by Lemma
11. Thus H is cyclic, G is abelian, and either G is cyclic or G=H×Z/p.
The former case implies that [C, C] acts trivially on G, which is
impossible. Thus G=H×F, where F is cyclic of order p. We can assume
that g is a generator of F. For any y ¥ C we have gy=uy g i(y) for some
uy ¥H. Clearly uy is either trivial or of order p. Let HŒ be the subgroup
of H generated by the uy’s, y ¥ C, and set GŒ for the subgroup of
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G generated by HŒ and g. Since [C, C] does not fix g, the group HŒ is not
trivial. Thus HŒ is a subgroup of exponent p of the cyclic group H, hence it
is cyclic of order p. Moreover, C preserves GŒ and the action of [C, C] on
GŒ is nontrivial. By the minimality of G it follows that G=GŒ and H=HŒ.
In particular, H is cyclic of order p. Let S be the subgroup of C consisting
of elements which act trivially on both H and G/H. Note that yp−1 ¥ S for
any y ¥ C, because both H and G/H have automorphism groups of order
p−1. Since the commutator of C is contained in S, the group C/S is
abelian of exponent dividing p−1. Moreover, C/S is the Galois group of
an abelian extension KS of Q unramified outside p. Class field theory
allows us to conclude that C/S is cyclic of order dividing p−1. Recall now
that H consists of diagonal matrices of order p. Since S acts trivially on H,
we conclude that KS contains pth roots of 1. In particular, the degree of
KS/Q is at least p−1. Consequently, C/S is cyclic of order p−1 and
KS=Q(z), where z is a primitive pth root of 1.
In order to analyze S note that the map s−1W g sg−1 is an injective
homomorphism of S into H, since we have assumed that no element of C
acts trivially on G. Thus S is of order p (being nontrivial). Since [C, C] is a
nontrivial subgroup of S, we obtain that S=[C, C] is cyclic of order p.
Now let y ¥ C map to a generator of C/S. Thus y acts on pth roots of
unity by raising to a power t, where t is a primitive root mod p. We have






for some u ¥H and any i ¥ Z. If u ] 1 then y has
order p(p−1) and C is cyclic—a contradiction. Thus u=1 for any y
mapping to a generator of C/S. But such elements generate C, so C pre-
serves F. But then the commutator of C acts trivially on F and H, and
hence on G, again a contradiction. Thus our assumption that [C, C] acts
trivially on G/H has to be wrong. L
Lemma 13. Any C-stable proper subgroup of G/H has trivial C-action.
Proof. Let B be a proper subgroup of G containing H and such that
B/H is C-stable. Then B is C-stable and [C, C] acts trivially on B by
minimality of G. Thus B(p) ıH and therefore the Galois group of Kab/Q,
which equals the inertia subgroup of the unique prime of Kab over p, acts
trivially on B/H (since it acts trivially already on B/B(p)). L
Let us continue our analysis of G. Recall that H is central in GLn and
G/H is an elementary abelian p-group (Lemmas 10 and 11). In particular,
H is a cyclic p-group and for every element g ¥ G we have gp ¥H. If
a, b ¥ G then aba−1=hb for some h ¥H. But h and bp are central in G so by
raising the last equality to pth power we get that hp=I. In other words,
the commutator of G is cyclic of the order at most p. If H is trivial then G
is an elementary abelian p-group. Suppose that H is not trivial. Let tI be a
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generator of H and let z be a root of unity such that zp=t. Set L=K(z)
and let CŒ be the Galois group of L/Q. Consider the group B generated by
G and zI. B is a finite subgroup of GLn(OL), stable under the action of CŒ,
and G is a subgroup of B of index p. Moreover, for any g ¥ G there is a
root of unity g such that gI ¥ B and gg has order p. Note that the commu-
tator of C acts trivially on g iff the commutator of CŒ acts trivially on gg.
Observe also that every element of B is of the form gg for some g ¥ G and a
root of unity g.
Lemma 14. If p is odd or G is abelian, then H has order at most p and
there is a counterexample GŒ of exponent p and the same order as G.
Proof. If H is trivial, there is nothing to prove, so we assume that H is
not trivial.
Suppose that p is odd. Let a, b be elements of B. As we observed above,
ab=bau for some pth root of unity u. It follows that (ab)p=apbp. In
particular, elements of order p form a subgroup GŒ of B which is of index
at least p (note that z ¨ GŒ). We already noted above that for each g ¥ G
there is a root of unity g such that gg ¥ GŒ. Thus G is a counterexample iff
GŒ is and the order of GŒ does not exceed the order of G. Note that if all
elements in G are of order p then G=GŒ. Otherwise GŒ has smaller
exponent than G. In any case, GŒ is a counterexample to Conjecture 1 of
exponent p and it has the same order as G by the minimality of the
counterexample G.
If p=2 and G is abelian then the same argument as above allows us to
construct a counterexample GŒ in GLn(OL) of the same order as G which is
an elementary abelian 2-group.
If the order of H is at least p2, then the image of zI in B/GŒ is of order at
least p2, which contradicts the fact, that the index of GŒ in B is p.
Lemma 15. If p=2 and G is not abelian then H has order at most 4 and
there is a counterexample GŒ which is generated by elements of order 2 and
such that g2=±I for every g ¥ GŒ.
Proof. Since p=2 and G is not abelian then for any a, b ¥ B we have
ab=±ba so (ab)2=±a2b2 (recall that a2 and b2 are central). This shows
that the subset Gœ of B of elements a such that a2=±I is a subgroup.
Note that the commutator of CŒ does not act trivially on Gœ, since for each
g ¥ G there is an element of order 2 in Gœ of the form gg for some root of
unity g. In other words, Gœ is a counterexample to Conjecture 1.
If Gœ ] B then the order of Gœ does not exceed the order of G. Thus G
and Gœ have the same order by the minimality of G. Moreover, Gœ is gen-
erated by elements of order 2. In fact, recall that for each g ¥ G there is an
element of order 2 in Gœ of the form gg for some root of unity g. Since G is
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not commutative, Gœ contains two elements u, w of order 2 which do not
commute. In particular, uw=−wu and (uw)2=−I. Now, if I ] g ¥ Gœ is
not of order 2 then g2=−I. If g and u do not commute, then gu=−ug
and (gu)2=−g2u2=I. Similarly, if g, w do not commute then (gw)2=I.
Finally, if g commutes with both u and w then (g(uw))2=I. In any case, g
is a product of elements of order 2 in Gœ. Thus we can take GŒ=Gœ in this
case. The order of H cannot exceed 4, since otherwise the index of Gœ in G
would be at least 4.
If Gœ=B then G ı Gœ. We will show that in this case G is generated by
elements of order 2. Since Gœ=B we have z4=1 and therefore H={±I}
(H can not be trivial, since G is not abelian). Suppose that G is not gener-
ated by elements of order 2. Then each element of order 2 in G is fixed by
[C, C] (otherwise, the subgroup generated by elements of order 2 would be
a counterexample of order smaller than the order of G). Elements fixed by
the commutator of C form a subgroup V, which is of A-type. Note that the
centralizer of any element in G is of index at most 2. This follows from the
observation that if h1 , h2 do not commute with g then hi gh
−1
i =−g for
i=1, 2 and consequently h1h2 and g commute. Observe now that for any
v ¥ V and y ¥ C we have vy=±v. In fact, if y is in the inertia group of some
prime b of K over 2, then vyv−1 ¥ V 5 G(b)=H={±I}. Since the inertia
groups of primes over 2 generate C, our claim follows.
Suppose that there is an element v ¥ V which is not central in G. The
centralizer Z of v is of index 2 in G and it is C-stable. Thus Z=V by the
minimality of G. Pick an element g ¥ G which is not in Z. For any y ¥ C we
have gyg−1 ¥ Z. Let y be an element of the inertia group of some prime b of
K over 2. Then gyg−1 ¥ Z 5 G(b) ıH={±I}. Thus, for every element in
any of the inertia groups we have gy=±g. But the inertia groups generate
C so gy=±g for all y ¥ C. This contradicts the assumption that G is a
counterexample.
Thus V is central in G. Let g ¥ G be not central. Then g2=−I. The
centralizer C(g) of g is of index 2 in G. If h ¥ C(g) then either h ¥ V or
h2=−I. In the latter case we have (gh)2=g2h2=I. Thus h ¥ gV. This
shows that V is of index at most 2 in C(g). Thus, G/V has order at most 4.
Let D be the subgroup of C consisting of all elements which act trivially on
G/V. If y ¥ D and g ¥ G then gy=gv for some v ¥ V. Thus gy
2
=gvvy=±g
(recall that vy=±v and v2=±I). Thus y4=1. In particular, D is a
2-group. The quotient C/D is a subgroup of the group of automorphisms
of G/V, so its order divides 6. Note that C/D is the Galois group of the
extension KD/Q which is unramified at all finite primes different from 2.
Thus the degree of this extension can be 1, 2 or 6. In the first two cases C is
a 2-group which contradicts Theorem 2. It follows that C/D has order 6.
Thus there is a nonnormal cubic subfield M of K with discriminant of the
form d=±2m for some m. Recall the following result of Hasse ([2]):
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Theorem H. Let M be a cubic, nonnormal extension of Q. Then the
discriminant d of M is of the form Df2, where D is the discriminant of the
quadratic subfield of the normal closure of M and f=3ap1 p2 · · · ps with a [ 2
and pi ] 3 pairwise distinct primes. Also, if p is a common prime divisor of D
and f then p=3.
It follows from Theorem H that in our case f=1 and D=−4 or
D=±8. In any case, |d| [ 8 and from the tables in [1] we see that no such
cubic field exists (alternatively, one can use Minkowski’s bound on the
discriminant which for cubic fields yields |d| > 81/4). The contradiction
shows that our assumption that G is not generated by elements of order 2 is
wrong.
Thus we showed that when p=2 there always is a counterexample of the
same order as G which is generated by elements of order 2 and such that
g2=±I for all g ¥ G. L
Lemma 16. The group G is contained in SLn(OK).
Proof. Suppose that the lemma is false and let G0 be the kernel of the
determinant map restricted to G. Note that the determinant induces an
isomorphisms of C-modules G/G0 and mpr for some r, where mpr is the
group of p rth roots of unity. Clearly G0 is a normal, C-stable subgroup of
G. Since G is a minimal counterexample, G0 is of A-type by Theorem 2.
Case 1: p=2. The commutator of C acts trivially on G0 and G/G0. It
follows that [C, C] is a 2-group. Since K is unramified outside 2, the
abelianization of C is a 2-group too. Thus C is a 2-group, which is
impossible by Theorem 2.
Case 2: p is odd. Note that G1=HG0 is stable under the action of
[C, C]. It follows that G1 is also of A-type. Note that G/G1 is of exponent
p by Lemma 10. On the other hand, G/G1 is a quotient of the cyclic group
mpr , so G/G1 is cyclic of order p. If H ı G0 then G1=G0 so the groups
G/G1 and mp are isomorphic as Galois modules. Recall that H has order at
most p by Lemma 14. Thus if H is not contained in G0 then the index of G0
in G1 equals p and consequently G/G0 has order p2; i.e., r=2. Moreover,
the determinant induces an isomorphism of G/G1 and mp2/mp , so G/G1 is
isomorphic to mp as a Galois module.
By the definition of A-type, every element of G1 can be written in the
form dm with d a diagonal matrix of finite order and m ¥ GLn(Z) (after
conjugation with a matrix in GLn(Z)). Since K/Q is unramified outside p,
we can assume that the entries of d are roots of unity of p-power order.
There is an automorphism y of K which takes every p-power root of 1 in K
into its square. Thus y(dm)(dm)−1=d. It follows that both d and m are in
G1. Consequently, d ¥H. Let S be the subgroup of G consisting of matrices
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with entries in Z. Thus S ı G1 and we have just showed that G1=HS.
Note that H 5 S=1 by Minkowski’s Lemma (or by recalling that the
entries of H are pth roots of unity). Thus S is an elementary abelian
p-group by Lemma 10. Since H is central, we conclude that G1 is abelian;
i.e., G1 is an elementary abelian p-group. Let g be an element of G not in
G1. Let C1 be the subgroup of C which acts trivially on mp. Thus C1 acts
trivially on both G1 and G/G1. Consequently, the map yW h(y)=gyg−1 is
an injective homomorphism from C1 into G1. In particular, C1 is an
elementary abelian p-group. Note that K contains pth roots of unity (since
the determinant map is not trivial) and C1 is the Galois group of K/Q(mp).
By the Kummer theory applied to K/Q(mp) we conclude that there is a
basis of K/Q(mp) consisting of elements w1 , ..., wl such that w
p
i ¥Q(mp).
We can write g=; wiMi , where Mi ¥Mn(Q(mp)). Thus for any y ¥ C1 we
have gy=; witiMi for some pth roots of unity ti. On the other hand,
gy=h(y) g=; wih(y) Mi. Therefore we get that tiMi=h(y) Mi for all i
(since h(y) has entries in Q(mp)). Consider the columns of all the matrices
Mi. The K-vector space spanned by these columns contains the columns of
g so we can find among them n K-linearly independent columns and form
out of them a matrix A. Plainly A is invertible and h(y) A=DA for some
diagonal matrix D of order p. Thus h(y)=D. In particular, h(y) ¥H. It
follows that for any y ¥ C1 we have gy=gh for some h ¥H. In particular,
the commutator of C (which is contained in C1) acts trivially on G/H. This
contradicts Lemma 12. L
Remark. The above lemma can be derived also from Lemma 2.5 in [7].
Lemma 17. The order of H divides n and every noncentral element of G
has trace 0.
Proof. Recall that we have seen that the commutator of G has order at
most p. If a ¥ G is not in the center of G then there is an element b such
that ab=tba for some pth root of unity t ] 1. Thus, a=(ab−1) b=
tb(ab−1) and by looking at traces we conclude that the trace of a is 0. Let
zI be a generator of H. By taking determinants we see that zn=1, i.e.
|H| | n. L
We summarize our investigation in the following theorem.
Theorem 3. Let L be a finite Galois extension of Q. Suppose that
Conjecture 1 is false and let n be the smallest integer such that there is a
counterexample in GLn(OL). Suppose also that G is such a counterexample of
minimal order. Then there is a prime p such that G ı SLn(OK) for some
Galois extension K ı L of Q unramified at all finite primes different from p.
Moreover:
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— G=G(p) and the subgroup H=G(b) 5 GLn(Kab) (which does not
depend on the choice of a prime b of OK over p) consists of scalar matrices
and has order at most p (at most 4) for p odd (for p=2), and |H| | n;
— the commutator of G is contained in H and has order at most p;
— every noncentral element of G has trace 0;
— G/H is an elementary abelian p-group and any proper Gal(K/Q)-
stable subgroup of G/H has trivial action of Gal(K/Q);
— there exists a counterexample isomorphic to G/H as C-modules in
SLm(OK) for some n [ m [ n2.
Also, there is a counterexample GŒ of the same order as G such that
GŒ ı SLn(OK(t)), where t is a root of unity of p-power order and tp ¥K, and
— when p is odd then GŒ has exponent p;
— when p=2, then GŒ is generated by elements of order 2 and every
element g of GŒ satisfies g2=±I.
Remark. It is worth pointing out that in our reduction steps we have
full control over the field K. This remark may be useful for proving the
conjecture for some special class of fields; e.g., those with metabelian
Galois groups.
Remark. Note that if we work only with totally real fields then we
automatically have H=1 for a minimal counterexample when p is odd.
5. THE CONJECTURE FOR LOW VALUES OF n
In this section we use Theorem 3 to give a new very simple proof of
Conjecture 1 for n=2 and to prove this conjecture for n=3.
Lemma 18. Let K be a finite Galois extension of Q. Suppose that
A=[ac
b
d] ¥ GL2(K) is a matrix of finite order which commutes with all its
Galois conjugates. Then A has entries in the maximal abelian subextension
of K.
Proof. Let y be an automorphism of K. The assumption that A and Ay
commute means that bcy=byc, aby+bdy=ayb+byd, and cay+dcy=
cya+dyc. The last two equalities can be written as b(ay−dy)=by(a−d) and
c(ay−dy)=cy(a−d).
If c=0 then a and d are roots of unity. If a=d then b=0, and the
lemma holds. If a ] d then we get that (b/(a−d))y=b/(a−d) for all
automorphisms y. This means that b/(a−d) ¥Q and therefore all a, b, c, d
are in Q(a, d), which is abelian over Q.
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If b=0 we verify the lemma in exactly the same way. Thus we can
assume that cb ] 0. In particular, A has two different eigenvalues l1
and l2 , which are roots of unity. Our identities imply that (a−d)/b,
(a−d)/c=s and b/c=t are in Q. The characteristic polynomial of A is a
quadratic polynomial with the discriminant D=(a+d)2−4(ad−bc)=
(a−d)2+4bc=c2s2+4tc2=c2(s2+4t)=c2f, where f ¥Q. Note that l1−
l2=± `D=±c`f . Since l1 ] l2 , we have f ] 0. Thus c=±(l1−l2)/
`f belongs to an abelian extension of Q and so do b and a−d. But
a+d=l1+l2 also lives in an abelian extension of Q so Q(a, b, c, d)/Q is
abelian. L
Theorem 4. Conjecture 4 is true when n=2.
Proof. Let G be a counterexample of minimal order. If G is abelian
then the result follows by Lemma 18. Otherwise, Theorem 3 allows us to
assume that G is a 2-group generated by elements of order 2, with commu-
tator subgroup {±I} and elementary abelian abelianization. Moreover the
elements of G have determinant 1 and every noncentral element has trace 0.
But G has to contain a noncentral element of order 2, which then has trace
0 and determinant 1. This however cannot happen for a 2×2 matrix of
order 2. L
Now we can start our proof of Conjecture 1 for n=3.
Lemma 19. Let K be a Galois extension of Q unramified at all finite
primes different from 3 and such that the Galois group C of K/Q is a
subgroup of GL2(F3), where F3 is the field with three elements. Then there is
a unique prime in OK over 3.
Proof. Note that the order of GL2(F3) equals 48. Let S be a Sylow
2-subgroup of C. If S=C then K is a nilpotent extension of Q and the
result follows by Lemma 7 (in fact, C is of order 2 in this case). Otherwise,
KS/Q is of degree 3.
If S is normal in C then KS is the maximal real subfield of Q(t9), where
t9 is a primitive ninth root of unity. In fact, the maximal real subfield of
Q(t9) is the unique normal cubic field unramified at all finite primes dif-
ferent from 3. It is well known that this field has class number 1. Less well
known is the fact that the narrow class group of this field is also 1. To see
this recall that the class group of a number field L equals its narrow class
group iff L has units of arbitrary signature (see [12, Chap. 3] for more
about this statement). From the tables in [1] we get the generators of the
unit group of KS and check that there are indeed units of arbitrary signa-
ture in KS. Now, by the class field theory we get that KS has no abelian
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extensions unramified at all finite primes. Also, there is a unique prime
over 3 in KS. Since K/KS is nilpotent, the result follows by Lemma 7.
If S is not normal, then the Galois closure M of KS is of degree 6 over Q
and its Galois group S is the symmetric group on three letters. The
commutator SŒ of S is cyclic of order 3 and its fixed field is Q(`−3) (the
only quadratic extension of Q which is unramified at all finite primes not
equal to 3). Since M is unramified at finite primes different from 3, it is
easy to see that M=Q(`−3, 3`3). To see this use Theorem H to conclude
that the discriminant of the real cubic subfield ofM divides 35 and then use
the tables in [1]. Alternatively, note that M/Q(`−3) is a cyclic extension
of degree 3, so by Kummer theory we can writeM=Q(`−3 , 3`m), where
m is an algebraic integer in Q(`−3). Now play a little with ramification
theory.
It is well known that Q( 3`3) has class number 1. Its narrow class
number is also 1. This follows from the fact that Q( 3`3) has only one real
embedding, so it has units of arbitrary signature. Thus, Q( 3`3) has no
extensions unramified at all finite primes. Plainly there is a unique prime
over 3 in Q( 3`3). Since the Galois group of K/Q( 3`3) is a 2-group, the
result follows by Lemma 7. L
Lemma 20. Let K be a Galois extension of Q unramified at all finite
primes different from 3. Suppose that an elementary abelian 3-group
G ı GLn(OK) of order 9 is stable under the action of the Galois group C of
K/Q. Then the commutator of C acts trivially on G.
Proof. We can assume that C acts faithfully on G. Thus C is a
subgroup of GL2(F3) and therefore there is a unique prime over 3 in OK by
Lemma 19. Now Corollary 1 shows that C is abelian. L
Lemma 21. Any finite subgroup G of SL3(C) of prime exponent 3 has
order at most 27.
Proof. The group G has a chain of normal subgroups Gi of order 3 i.
Suppose that G=Gm and m \ 3. The group G2 is an elementary abelian
3-group of order 9, and we can assume that it consists of diagonal matrices
(after conjugation by a matrix in GL3(C)). Note that any commutative
subgroup of G has order at most 9. In fact, any such subgroup can be
conjugated to diagonal matrices and the 3-torsion subgroup of the diagonal
matrices in SL3(C) has order 9. In particular, the centralizer of G2 in G
equals G2. The centralizer C of G2 in SL3(C) consists of all diagonal
matrices and the normalizer N equals CP, where P is the group of
permutation matrices in SL3(C). Thus, the natural map G/G20N/C=P
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is injective. But the 3-torsion subgroup in P is cyclic, so G/G2 is cyclic of
order 3; i.e., G has 27 elements. L
Theorem 5. Conjecture 4 is true when n=3.
Proof. We use Theorem 3. Let G be a counterexample of minimal
order. Thus G is a p-group for some prime p. If G is not abelian then H ] 1
and consequently p=3. By Theorem 3, we can assume that G has exponent
3 and consists of matrices with determinant 1. Thus G/H has order 9 by
Lemma 21. But Theorem 3 tells us that in this case there is a counter-
example isomorphic to G/H. This however contradicts Lemma 20.
Suppose now that G ı SL3(OK) is abelian. By Theorem 3, we can
assume that p is the only rational prime ramified in K and that G is an
elementary abelian p-group (if p=2, then H=1). We assume that K
contains pth roots of 1 (adding them will not make any prime q ] p
ramified). Since G consists of matrices of determinant 1, it is an elementary
abelian p-group of order p2 (plainly it cannot be cyclic). In particular,
p ] 3 by Lemma 20.
There is a matrix E ¥ GL3(K) such that D=E−1GE consists of diagonal
matrices. Thus D is the group of all diagonal matrices of order p in
SL3(K). The centralizer of D in GL3(K) consists of all diagonal matrices D
and the normalizer N is the semi-direct product D ·PD , where the Weyl
group PD consists of all permutation matrices. Thus PD is the symmetric
group on three letters. Note that C acts on D, D, and N. Consider the
1-cocycle f: CQN given by f(y)−1=E−1Ey. The composition of f and
the natural projection NWPD is a homomorphism f¯: C0PD (since C
acts trivially on PD). The action of C on G can be described as:
gy=E(f¯(y)−1 (E−1gE) i(y) f¯(y)) E−1, (f)
where i: CQ Z/(p−1) Z is the cyclotomic character. We can assume that
the map F=f¯×i : C0PD×Z/(p−1) Z is an injective homomorphism
(replacing K with the fixed field of the kernel of F). Thus we can identify C
with its image via F.
If p=2, then C is of order 6 and Kab=Q(`d ) with d=−2, −1, 2. In
each case Kab has narrow class group 1 so there is a unique prime in K over
2 by Lemma 7. But this is impossible by Corollary 1. Thus we can assume
that p is odd.
The commutator subgroup of PD×Z/(p−1) Z equals C×1, where C is
the cyclic subgroup of PD of order 3. Since C is not abelian, its commuta-
tor equals C×1. Thus K/Kab has degree 3. Since there is a unique prime in
Kab over p, either there is unique prime in K over p or there are exactly
three such primes. The first possibility is excluded by Corollary 1. Thus
there are three primes p1 , p2 , p3 in K over p and the residue fields at these
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primes have order p. In other words, I(pi)=D(pi) for all i. Clearly, I(pi)
has index 3 in C since it maps surjectively onto the Galois group of Kab.
Thus I(pi) is in fact isomorphic to Gal(Kab/Q).
Let us look at the natural projection c: CQPD. It is surjective, since C
is not abelian. Thus the subfield M of K corresponding to the kernel
of this projection satisfies MKab=K and M 5Kab is a quadratic extension
of Q. Since p is odd and Kab contains pth roots of 1, either Kab=Q(mp) or
[Kab: Q] \ p(p−1) (recall that K is unramified at finite primes different
from p). But we know that [Kab: Q] [ 2(p−1) and therefore Kab=Q(mp).
In particular, the ramification groups I(pi) are cyclic of order p−1.
Note that the kernel of c is central in C. Recall that the inertia groups I(pi)
are conjugate in C. Let Ai be the kernel of c restricted to I(pi). It follows that
A1=A2=A3=A, since these groups are conjugate and central inC.
Suppose now that there is only one prime in M over p. Then M/Q is
totally ramified, and each I(pi) is mapped surjectively onto PD (which is
the Galois group of M/Q and the inertia of the unique prime of M over
p). But this is impossible since the inertia groups are abelian. Thus, there
are three primes in M over p and the inertia groups of these primes are of
order 2.
If A is trivial then I(pi) has order 2 for i=1, 2, 3, so p=3. This case has
been excluded already. Thus the kernel A is not trivial. By (f), we get that
an element a ¥ A acts on G by raising to the power i(a). Consequently, A
acts faithfully on G. Let y ¥ A, y ] 1. Note that y has the property that
gyg−1 ¥ G(pi) for any g ¥ G and i=1, 2, 3 (since A ı I(pi)). Thus the
groups G(pi) have nontrivial intersection. If G(pi)’s have order p then this
would mean that these groups are all equal. But they generate the whole G
(by Theorem 3), which is impossible. Thus G=G(pi) for all i. Note that
G(p2i )=1. Otherwise Lemma 5 would imply that the ramification index f
of pi satisfies f \ 2(p−1). But we have seen that f=(p−1), since f is
simply the order of I(pi). Thus G(p
2
i )=1. Since the local extension Kpi/Qp
is totally ramified, we can use Lemma 4 to conclude that the inertia of each
of the pi’s preserves every subgroup of G. Since the inertia subgroups
generate C by Theorem 3, it follows that C preserves every subgroup of G.
But this means that the commutator of C acts trivially on each element of
G, contrary to our assumption. L
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